Abstract. We prove a weak version of Beilinson's conjecture for non-critical values of L-functions for the Rankin-Selberg product of two modular forms.
Introduction
In his fundamental paper [2, §6] , Beilinson introduced the so-called Beilinson-Flach elements in the higher Chow group of a product of two modular curves and related their image under the regulator map to special values of Rankin L-series of the form L(f ⊗ g, 2), where f and g are newforms of weight 2, as predicted by his conjectures on special values of L-functions. These elements were later exploited by Flach [11] to prove the finiteness of the Selmer group associated to the symmetric square of an elliptic curve. More recently, Bertolini, Darmon and Rotger [4] established a p-adic analogue of Beilinson's result, while Lei, Loeffler and Zerbes [18] constructed a cyclotomic Euler system whose bottom layer are the Beilinson-Flach elements. These results have many important arithmetic applications ( [5] , [18] ).
Our aim in this paper is to define an analogue of the Beilinson-Flach elements in the motivic cohomology of a product of two Kuga-Sato varieties and to prove an analogue of Beilinson's formula for special values of Rankin L-series associated to newforms f and g of any weight ≥ 2. More precisely, we prove the following theorem.
Theorem 0.1. Let f ∈ S k+2 (Γ 1 (N f ), χ f ) and g ∈ S ℓ+2 (Γ 1 (N g ), χ g ) be newforms with k, ℓ ≥ 0. Assume that the Dirichlet character χ modulo N = lcm(N f , N g ) induced by χ f χ g is non-trivial. Let j be an integer satisfying 0 ≤ j ≤ min{k, ℓ}. Assume that the automorphic factor R f,g,N (j + 1) defined in Section 5 is non-zero (this holds for example if gcd(N f , N g ) = 1 or if k + ℓ − 2j ∈ {0, 1, 2}). Then the weak version of Beilinson's conjecture for L(f ⊗ g, k + ℓ + 2 − j) holds.
The range of critical values (in the sense of Deligne) for the Rankin-Selberg L-function L(f ⊗ g, s) is given by min{k, ℓ} + 2 ≤ s ≤ max{k, ℓ} + 1, so that our L-value L(f ⊗ g, k + ℓ + 2 − j) is non-critical. In fact, the integers 0 ≤ j ≤ min{k, ℓ} are precisely those at which the dual L-function L(f * ⊗ g * , s + 1) vanishes at order 1.
We refer to Theorem 6.4 for the explicit formula giving the regulator of our generalized Beilinson-Flach elements. In the weight 2 case, an explicit version of Beilinson's formula for L(f ⊗ g, 2), similar to Theorem 6.4, was proved by Baba and Sreekantan [1] and by Bertolini, Darmon and Rotger [4] . In the higher weight case, a similar formula for the regulator of generalized Beilinson-Flach elements was proved by Scholl (unpublished) and recently by Kings, Loeffler and Zerbes [17] . As a difference with [17] , we work directly with the motivic cohomology of the Kuga-Sato varieties (instead of motivic cohomology with coefficients), and we prove that our generalized Beilinson-Flach elements extend to the boundary of the Kuga-Sato varieties (see Sections 7 and 8) . Another interesting problem is the integrality of the generalized Beilinson-Flach elements. In the case f and g have weight 2, Scholl proved that if g is not a twist of f , then the Beilinson-Flach elements belong to the integral subspace of motivic cohomology [22, Theorem 2.3.4] . We do not investigate integrality in this article, but it would be interesting to do so using Scholl's techniques.
The plan of this article is as follows. In Section 1, we recall the statement of Beilinson's conjecture for Grothendieck motives. In Section 2, we recall some basic results about motives of modular forms and describe explicitly the Deligne cohomology group associated to the Rankin product of two modular forms. After recalling Beilinson's theory of the Eisenstein symbol (Section 3), we construct in Section 4 special elements Ξ k,ℓ,j (β) in the motivic cohomology of the product of two Kuga-Sato varieties. After recalling standard facts about the Rankin-Selberg L-function (Section 5), we compute the regulator of our elements Ξ k,ℓ,j (β) in Section 6. We then show in Sections 7 and 8, using motivic techniques, that a suitable modification of the elements Ξ k,ℓ,j (β) extends to the boundary of the Kuga-Sato varieties. Finally, we give in Section 9 the application of our results to Beilinson's conjecture.
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In the case of the near-central point j = (i + 2)/2, we have the following modified conjecture. Let N j−1 (X) = CH j−1 (X) hom ⊗ Q be the group of (j − 1)-codimensional cycles modulo homological equivalence. The cycle class map into de Rham cohomology defines an extended regulator map
We will now formulate a version of Beilinson's conjectures for Grothendieck motives. Let M = (X, p) be a Grothendieck motive over Q with coefficients in L, where X is a smooth projective variety over Q and p is a projector in CH dimX (X × X) hom ⊗ Q L. We define the Deligne cohomology of M by
where the last map is the projection induced by p * . Similarly, we define an extended regulator mapr D in the case j = (i + 2)/2. Assume Conjecture 1.1 (1) for X. Then Beilinson's conjecture for L(M, s) can be formulated as follows.
Since Conjecture 1.1(1) is in general out of reach, we formulate a weak version of Conjecture 1.3 as follows.
Remark 1.5. We could have required a stronger property in Conjecture 1.4, namely that V is a subspace of H i+1 M (X, Q(j)) Z . But since we don't consider the problem of integrality of elements of motivic cohomology in this paper, we leave Conjecture 1.4 as it is.
Motives associated to modular forms
Let us recall some basic properties of motives associated to modular forms. Let Y = Y (N ) be the modular curve with full level N -structure defined over Q and j : Y ֒→ X = X(N ) the smooth compactification. Let π : E → Y be the universal elliptic curve over Y andπ : E → X be the universal generalized elliptic curve. Then E is smooth and proper over Q. For a non-negative integer k, denote the k-fold fiber product of E over Y by E k and the k-fold fiber product of E over X by E k . LetÊ k be the Néron model of
be a normalized eigenform. Let K f ⊂ C be the number field generated by the Fourier coefficients of f . Let M (f ) be the Grothendieck motive associated to f [21] . It is a motive of rank 2 defined over Q with coefficients in
is the Gauss sum of the Dirichlet character χ and N χ is the conductor of χ. By [17, Lemma 6.1.1], we have
By Poincaré duality, we have a perfect pairing of K f -vector spaces
. This motive has coefficients in K f,g := K f K g and is a direct factor of
be an integer such that 0 ≤ j ≤ k and put n = k + ℓ + 2 − j. The Deligne cohomology of M (f ⊗ g)(n) can be expressed as follows. The de Rham realization
Let us make explicit a generator of this rational structure. Let e
where
.
, we have a perfect pairing
(M (f * ⊗ g * )(j + 1)) ⊗ C, which we will use to pair with the regulator of our generalized Beilinson-Flach element. Under the canonical isomorphism
. We recall the periods for motives associated to Dirichlet characters with coefficients in E. Let M (χ) be the motive associated to χ with coefficients in a number field E. Then the period of the comparison
, where E(χ) is the rank one E-vector space on which the Galois group Gal(Q(e 2πi/Nχ )/Q) acts via χ and G(χ) · E is the E-vector space generated by G(χ) (for details, see [7, Section 6] ).
Under the comparison isomorphism
we have
g . Let us define
),
Proof. We have
since for any Dirichlet character χ, we have G(χ)G(χ) = χ(−1)N χ .
Eisenstein symbols
Here we recall Beilinson's theory of the Eisenstein symbol [3] . Let N ≥ 3 be an integer. The complex points of E k are given by [9, (3.4) , (3.6)]
where the action of SL 2 (Z) is given by
and the action of Z 2k is given by
Let ε k be the signature character of
by the natural translation. Let ε k : G → {±1} be the signature character defined by ε(g) = ε(σ) = sign(σ) for g = (t, σ) ∈ G = (Z/N Z) 2k ⋊ S k+1 . Then G acts on E k and U ′ N . This induces the action of G on the motivic cohomology H k+1 M (U ′ N , Q(k + 1)). Denote the idempotent corresponding to ε k by e k . Hence we have the e k -eigenspace
Let
We write Eis
Therefore we have a commutative diagram:
. The map
is called the Eisenstein symbol. For a smooth projective variety X over R, let H i D (X, R(j)) denote its Deligne cohomology.
We now recall an explicit formula for the realization of the Eisenstein symbol. Fix an integer k ≥ 0. Let
be the regulator map. By [19, (7. 3)], the Deligne cohomology group is given by:
, where A · is the de Rham complex of real valued C ∞ -forms, E k is a smooth compactification of E k (C) and
Write τ (resp. z 1 , . . . , z k ) for the coordinate on H (resp. C k ). Write h for an element of GL 2 (Z/N Z). For any integer 0 ≤ j ≤ k, define 
where ′ denotes that we omit the term (c, d) = (0, 0). For brevity, for any a, b ≥ 1 we put
Construction of elements in the motivic cohomology
Let k, ℓ be non-negative integers with k ≤ ℓ and choose an integer j such that 0 ≤ j ≤ k. Write k ′ = k − j ≥ 0 and ℓ ′ = ℓ − j ≥ 0. Consider the following three morphisms:
(
Note that (i • ∆)(τ ; u, t, v; h) = ((τ ; u, t; h), (τ ; t, v; h)). 
The Rankin-Selberg method
with the automorphic L-factor defined by Jacquet in [13] , and L(f ⊗ g, s) converges for Re(s) > k+ℓ 2 + 2. Let N be an integer divisible by N f and N g . Let χ : (Z/N Z) × → C × be the Dirichlet character induced by
is a polynomial in the variables p −s for p|N by [13, Theorem 15.1] . Here S(N ) denotes the set of integers all of whose prime factors divide N . For any Dirichlet character ω : (Z/N Z) × → C × , define the Eisenstein series g, s) . D(f, g, s) has a pole at s = k + 2 if and only if f * , g = 0. This is equivalent to g = f * . In this case, we have χ g = χ −1 f , hence χ is trivial. Therefore, our assumption χ = 1 excludes the case where L(f ⊗ g, s) has a pole.
Theorem 5.1 (Shimura [23, (2.4)]). We have
Γ 0 (N )\H f (τ )g(−τ )E ℓ−k,N (τ, s − 1 − ℓ, χ)y s−1 dxdy = 2(4π) −s Γ(s)L(χ, 2s − k − ℓ − 2)D(f,
Computation of the regulator integral
Let j be an integer satisfying 0
By the same argument as in Lemma 2.1, and since Ω f,g has rapid decay at infinity, pairing with Ω f,g yields a linear map
In this section, we compute r D (Ξ k,ℓ,j (β)), Ω f,g in terms of the Rankin-Selberg L-function of f and g. At the beginning β is arbitrary, but from Definition 6.2 on, we will use a particular choice of β.
Lemma 6.1. We have
Proof.
We have
Let τ, z 1 , . . . , z k+ℓ−j denote the coordinates on E k+ℓ−j (C). Note that the differential form
already contains dτ ∧ dτ . Therefore, we may neglect the terms of Φ k ′ +ℓ ′ (β) involving dτ, dτ . Moreover, we have
It follows that
Recall [9, (3.4) ] that the complex points of Y (N ) are given by
Note that C/(Z+τ Z) dz ∧ dz = −2iIm(τ ). Using Lemma 6.1 and integrating over the fibers of
We have an isomorphism of analytic spaces
Note that ν(a, τ ) corresponds to the elliptic curve C/(Z + τ Z) with basis of N -torsion (aτ /N, 1/N ) in the moduli space. Let χ : (Z/N Z) × → C × be the Dirichlet character induced by χ f χ g . Assume χ = 1.
For an integer w ≥ 0, α ∈ Q/Z, τ ∈ H and s ∈ C, define the following standard real-analytic Eisenstein series as in [18, Definition 4.2.1]:
Im(τ ) s (mτ + n + α) w |mτ + n + α| 2s , where ′ denotes that the term (m, n) = (0, 0) is omitted if α = 0, and
where ′ denotes that the term (m, n) = (0, 0) is omitted. For fixed w, α, τ , these functions have meromorphic continuations to the whole s-plane, and are holomorphic everywhere if w = 0. Note that
Proof. We have N (τ, s, χ) .
Note that the right hand side of (6.2) is independent of a ∈ (Z/N Z) × . Therefore, the contributions of the regulator integral over each connected component of Y (N )(C) are equal, and we have
Since the integrand is invariant under the group Γ 0 (N ), this can be rewritten as
Using Theorem 5.1 with f * and g * , we get
Putting everything together, we have the following theorem.
Note that R f * ,g * ,N (j + 1) is an element of K f,g .
Computation of residues
In this section, we extend the motivic element Ξ k,ℓ,j (β) to the Néron model by computing the residue.
7.1. Voevodsky's category of motives and motivic cohomology. For a field k, let DM eff gm (k) be the category of effective geometrical motives over k. For a scheme X over k, we have the motive M gm (X) and the motive with compact support M c gm (X). We consider the Q-linear analogue of DM eff
Then it is known that
for a smooth separated scheme X over k, where CH n (X, m) is Bloch's higher Chow group.
Motives for Kuga-Sato varieties.
Let Y = Y (N ) and X = X(N ). Denote X ∞ = X \ Y . The symmetric group S k acts on E k by permutation, (Z/N Z) 2k by translations, and µ k 2 by inversion in the fiber. Therefore we have the action of G = ((Z/N Z) 2 ⋊ µ 2 ) k ⋊ S k . This action can be extended to E k . Let ε k : G → {±1} be the character which is trivial on (Z/N Z) 2k , is the product on µ k 2 , and is the sign character on S k . Then define the idempotent
gm (E k ) e k the images of e k on M gm (E k ) and M c gm (E k ) respectively. Write the complement of E k in the smooth proper scheme E k by E k,∞ . Now we recall a result of Schappacher-Scholl [20] . Fix an integer N ≥ 3 and an integer k ≥ 0. Recall X = X(N ) is the compactified modular curve of level N and E → X the universal generalized elliptic curve over X. Consider the k-fold fiber product 
we get the localization sequence for the pair (E
Recall that we defined the morphisms:
Similarly we define the morphismŝ
By [25, Proposition 3.5.4] , for a smooth scheme X and a smooth closed subscheme Z of codimension c we have the following Gysin distinguished triangle To show the proposition, we prepare the following lemma.
be the complement of the smooth scheme E k in the smooth proper scheme Theorem 9.1. Let f ∈ S k+2 (Γ 1 (N f ), χ f ) and g ∈ S ℓ+2 (Γ 1 (N g ), χ g ) be newforms with k, ℓ ≥ 0. Let N be an integer divisible by N f and N g , and let j be an integer satisfying 0 ≤ j ≤ min(k, ℓ). Assume χ f χ g = 1 and Hence the Euler factor of L(f ⊗ g, s) = L(π f ⊗ π g , s − 7) at 3 is given by (1 − a 3 (f )a 3 (g)3 −s+1 )(1 − a 3 (f )a 3 (g)3 −s ) = (1 − 3 6 · 3 −s+1 )(1 − 3 6 · 3 −s ). On the other hand, the Euler factor of D(f, g, s) at 3 is 1 − a 3 (f )a 3 (g)3 −s = 1 − 3 6 · 3 −s . Therefore R f,g,N (s) = 1 − 3 6 · 3 −s+1 = 1 − 3 7 · 3 −s . If j = 6, then R f,g,39 (j + 1) = 0.
